Continuity Equation

The mass flowrate (ρAv) will have the same value at every point along a tube if it has a single entry and single exit point. So for any two positions along that tube the following equation holds true

	ρ1A1v1 = ρ2A2v2

	Where

ρ = fluid density (kgm-3)

A = Cross sectional area (m2)

v = fluid speed (ms-1)
SI unit of mass flowrate kgs-1


Bernoulli’s Equation
The ideas above are developed further in Bernoulli’s equation. To begin with we record some observations about incompressible fluids moving.

· When a fluid flows down a horizontal pipe and the cross sectional area reduces then there is a reduction in pressure.

· When a fluid flows down a horizontal pipe and the cross sectional area reduces then there is an increase in velocity. 
The velocity change is as a consequence of the conservation of mass as expressed by the continuity equation (see above). This velocity change must be created by an unbalanced force [Newton II]. The only place that this force can come from is a pressure difference [∆P] between region 2 and region 1 as noted in the first point above.
This is shown in the diagram below; in both cases the fluid is moving from region 2 to region 1.
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· Another significant observation is that when a fluid flowing in a pipe experiences a rise in elevation then the pressure at the bottom is greater than the pressure at the top.

This is shown in the diagram below; in both cases the fluid is moving from region 2 to region 1.
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To derive Bernoulli’s equation we need to consider both of the situations shown in the two diagrams above at the same time, a change in diameter as well as a change in elevation. We will consider the elevation (h), the pressure (P) and the velocity (v) to investigate how they are related along the pipe.

The mechanical energy of the fluid along the pipe is the sum of the kinetic and potential energies of the fluid. As forces (caused by pressure changes) are involved in the move from the region at the bottom and the top then work is being done. 
Mechanical Energy 
= 
KE 

+ 
PE





= 
½ m v2 
+
m g h 

The work done will be equal to the change in total energy between the top and the bottom.
W 
= 
Etop - Ebottom
We know that there is a pressure drop as the fluid rises up the pipe. This pressure difference creates the force that causes the fluid to accelerate. 

The diagram below shows the situation we will consider.
[image: image3.jpg]



W 
= 
Etop - Ebottom

= 
Etop 



-
Ebottom
=
( ½ m v12) + ( m g h1)
-
( ½ m v22) + ( m g h2)
If you look the diagram on the right hand side above you can see the forces as shown. On the top face of the ‘slug’ is a force – F acting downwards. On the upwards face of the slug is a force F+ ∆F acting upwards. This net force ∆F is what pushes the slug upwards and is created by a pressure difference. This force can be expressed in terms of the pressure, rearranging P = F/A, we get F = P A. 

The pressures can be described in a similar way to the forces. P at the top face and P + ∆P on the bottom face. 

The net force acting = 
∆F 
= ∆P A

Work is done as it moves 
W 
= Force x distance
In our case
W  
= ∆F s
Substituting from above
W
= ∆P A s 

A s is equal to the volume of the ‘slug’ = V  {note big V, not v}
This means that we can express the work done in terms of pressure and volume.





W 
= ∆P V
Combining the following two equations
W =
( ½ m v12) + ( m g h1)
- ( ½ m v22) + ( m g h2)

W = 
∆P V
We get 

W  
=  (P2 – P1)V 
and

W
=  [( ½ m v12) + ( m g h1)] – [( ½ m v22) + ( m g h2)]

Combining the two and then divide both sides by the volume (V) and then realise that m/V is equal to the density we get

(P2 – P1) =  [( ½ ρ v12) + ( ρ g h1)] – [( ½ ρ v22) + ( m ρ h2)]
rearranging this gives

	P1 + ½ ρ v12 + ρ g h1 = P2 + ½ ρ v22 + ρ g h2



And that’s it.
What does this all mean? 

[Can I skip all the stages and just learn the equation in the box?]

For a fluid there is a balance/exchange between energy and pressure. Work may be done as a result of a  pressure change but this means that there will be a corresponding change in kinetic or potential energy.

Goes up slope ( Pressure drops  ( height (and thus PE) gained  

Goes through constriction ( Pressure drops ( Velocity (and thus KE) gained

If I give with one hand, I will take away with the other.

